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Abstract
It is well-known that the presence of a spacetime boundary requires the conven-
tional Einstein-Hilbert (EH) action to be supplemented by the Gibbons-Hawking (GH)
boundary term in order to retain the standard variational procedure. When the EH
action is amended by the diffeomorphism-invariant graviton mass and potential terms,
it naively appears that no further boundary terms are needed since all the new fields
of massive gravity enter the action with the first derivative. However, we show that
such a formulation would be inconsistent, even when the bulk action is ghost-free.
The theory is well-defined only after introducing novel boundary counterterms, which
dominate over the GH term in the massless limit and cancel the problematic boundary
terms induced by the bulk action. The number of boundary counterterms equals the
number of total derivatives one could construct in the bulk using positive powers of
two derivatives of the longitudinal mode of the massive graviton.
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1 Introduction and summary
The conventional action1, -
∫
M
(∂φ)2, for a scalar field φ on a D-dimensional flat spacetime M
endowed with a boundary ∂M does not require a boundary term for the standard variational
principle to be well-defined. If, on the other hand, a “less-conventional” form of the action
were used,
∫
M
φφ, one would need to introduce a boundary term,
∫
∂M
φ(n · ∂)φ, where n
denotes the outward normal to the boundary. The latter term is required to avoid specifying
the boundary value of the first derivative of the field’s variation, induced by the bulk action
containing second derivatives of φ.
In the conventional covariant formulation of Maxwell’s theory, no boundary terms are needed
as the vector field appears in the action with first derivatives only. However, the Einstein-
Hilbert (EH) action, written in its standard form
∫
dDx
√−g R, contains terms with second
derivatives acting on the metric, and requires the Gibbons-Hawking (GH) term to be added
on the spacetime boundary [1].
The diffeomorphism-invariant theory of massive gravity [2, 3] amends the EH action by the
1We use the ‘mostly plus’ metric convention throughout this manuscript.
2
mass and nonlinear potential terms of the form [3]
S ∝
∫
M
dDx
√−g U
(√
g−1f
)
, (1.1)
where U is a special polynomial of the square root of a matrix that is the product of
the inverse of the metric gAB (A,B = 0, ..., 3, 5, ..., D) and the“fiducial” metric fAB =
∂AΦ
I∂BΦ
JηIJ (I, J = 0, ..., 3, 5, ..., D are the internal -space indices labelling the space-time
scalars ΦI). The action for these scalars is a special sigma model with ISO(1, D−1) internal
global symmetry, that does not lead to loss of unitarity and contains the scalar fields only
through first derivatives ∂Φ. Moreover, there are no derivatives acting on the metric tensor
in (1.1); hence, one would naively expect that no further boundary terms are needed when
the EH action is amended by (1.1).
Nevertheless, we will show that in a general diff-invariant formulation of massive gravity
on a manifold with a boundary, certain additional boundary terms are required. This claim
seems counterintuitive due to the fact that the new fields enter only through first derivatives;
however, there is a more detailed consideration which makes things clear. The scalar fields
ΦI encode the D − 1 physical degrees of freedom of a massive graviton in a gauge in which
gAB encodes the remaining D(D − 3)/2 dynamical modes (as in massless gravity). One of
them, the longitudinal mode, enters ΦI with a derivative, ΦI ⊃ δIA∂AΠ ; while in the full
theory Π is a gauge mode and carries no independent meaning, in a special high-energy limit
of the theory (which we will refer to as the decoupling limit) it becomes a gauge-invariant
degree of freedom and becomes physical. If so, its action should be well-defined. In order
to see whether this is indeed the case, consider the Minkowski background of the theory,
〈gAB〉 = ηAB and 〈∂AΦI〉 = δIA, which is a solution to the equations of motion of massive
gravity. In the linearized approximation, the nonlinear potential (1.1) reduces to the Fierz-
Pauli (FP) term [4]
(hAB − ∂AVB − ∂BVA)2 − (hAA − 2∂AVA)2, (1.2)
where hAB ≡ gAB − ηAB and VB ≡ δIB ηIJ (ΦJ − XAδJA) are the fluctuations of the fields
involved. The FP term is known to be the only quadratic term free of ghosts, tachyons, and
other instabilities [5]. The necessary condition for the absence of ghosts is that the equations
of motion for the longitudinal mode, VB = ∂BΠ, contain no more than two time derivatives.
This is certainly the case if one ignores the total derivative that emerges from (1.2)
(∂A∂BΠ)
2 − (∂A∂AΠ)2 . (1.3)
This term dominates over the others in the massless limit (due to the coefficient that is
not shown here, but see discussions in [2] and in Sec. 4). While harmless in an unbounded
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spacetime and for the fields that decay fast enough at infinity, this term would give rise to
more than two time derivatives in the effective action for boundary degrees of freedom, if a
background manifold with a boundary were considered. Hence, for consistency, a boundary
can only be introduced with a counterterm localized on it, to cancel the otherwise problematic
pullback of (1.3).
Similar considerations apply to nonlinear terms in (1.1): these terms were built by requiring
that the action for the longitudinal mode, with all other fields set to zero, is just a total
derivative up to order D in non-linearities, and is zero at higher orders [2]. For each of these
total derivative terms one needs to introduce a boundary counterterm. Therefore, in general
the number of boundary counterterms coincides with the number of total derivatives one can
construct using second derivatives of the longitudinal mode of the massive graviton.
A theory of 5D massive gravity in AdS5 with a 4D flat boundary has been proposed in [6] as
a mechnism for raising the strong coupling scale of massive gravity to a significantly higher
value. To avoid boundary ghosts, boundary counterterms were introduced in that framework
in the decoupling limit, where the calculations of the strong scale were performed. Our goal
here is to present a fully diffeomorphism-invariant form of the boundary counterterms and
study their consequences in Minkowski space (in the present work), as well as in AdS space
(in the sequel to this manuscript [7]).
The paper is organized as follows. In the next section, we briefly review the dynamics
of 5D general relativity in the presence of a spacetime boundary. We present the fully
diffeomorphism-invariant formulation of the theory and underline the role, played by the
boundary bending mode in this formulation. We then proceed, in Sec. 3, to the case of the
Fierz-Pauli theory of a free massive graviton and show that this theory requires a novel
boundary term (in addition to the Gibbons-Hawking term of GR) for consistency, once the
background spacetime is endowed with a boundary. We derive this term in two different
ways: first by studying consistency of the boundary effective action in the 5D theory, and
then by considering the Kaluza-Klein modes of a 6D massless graviton in the presence of a
boundary, with one spatial dimension along the boundary compactified on a circle. Sec. 4 is
mostly devoted to setting up notation and reviewing some standard results concerning 5D
ghost-free massive gravity, that we find useful in the further parts of the paper. In Sec. 5,
based on consistency of the decoupling limit, we generalize the boundary term of the lin-
ear FP theory to the full set of nonlinear and diffeomorphism-invariant boundary terms for
ghost-free massive gravity. Finally, in Sec. 6 we conclude.
4
2 General relativity with a boundary
Before we get to massive gravity, it will prove useful to briefly review the case of general
relativity on a flat spacetime M with a timelike codimension-1 boundary. We will be par-
ticularly interested in the situation where M is a five-dimensional manifold, parametrized
by coordinates XM (M = 0, . . . , 3, 5) and endowed with a metric gMN , while its boundary
∂M is given, at least in some coordinates (to be specified below), by the X5 ≡ z = 0 hyper-
surface. We will further assume that the bulk metric is a small perturbation of Minkowski
space: gMN = ηMN + hMN .
It is well-known that in order for the variational principle to be well-defined in GR, the
Einstein-Hilbert action ought to be amended by the Gibbons-Hawking boundary term:
SGR =
M35
2
∫
M
d5X
√−g (5)R5 −M35
∫
∂M
d4x
√−γ K , (2.1)
where (5)R is the 5-dimensional scalar curvature, xµ (µ = 0, . . . , 3) are the coordinates
parametrizing the boundary manifold ∂M, K denotes the (trace of the) extrinsic curva-
ture associated with the embedding of ∂M in ambient spacetime, and γµν is the induced
metric on the boundary. The 5D Planck mass is denoted by M5. The position of the bound-
ary is described by five embedding functions XM(x), in terms of which the induced metric
is given by the standard formula γµν(x) = ∂µX
M ∂νX
N gMN . Figure 1 provides a cartoon of
this setup.
There are two sets of gauge redundancies, associated with the action (2.1): reparametriza-
tions of the boundary (i.e. 4D diffs acting on the boundary coordinates xµ), and reparametriza-
tions of the bulk (that is, 5D diffs acting on the bulk coordinatesXM). Bulk diffeomorphisms,
δXM = ξM(X),2 act on the bulk metric gMN in the usual way
δgMN(X) = −ξK∂KgMN(X)− ∂MξKgKN(X)− ∂NξKgKM(X) , (2.2)
while the induced metric on the boundary is invariant. Under a change of the boundary
coordinates, on the other hand, the bulk metric and coordinates transform as scalars
δxµ = ζµ(x) , δXM = −ζµ∂µXM , δgMN = −ζµ∂µXK∂KgMN , (2.3)
and the induced metric tranforms as a rank-2 tensor
δγµν = −ζλ ∂λγµν − ∂µζλ γλν − ∂νζλ γλµ . (2.4)
2In a little more expanded form, what we mean by this notation is: XM = X ′M − ξM (X ′), or, to the
leading order in the small diff parameter, X ′M = XM + ξM (X). Therefore, if the boundary sits at z = 0 in
the ‘unprimed’ coordinates, it will sit at z′ = ξz(Xµ, 0) in the ‘primed’ coordinates.
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Figure 1: Embedding of the boundary in general coordinates.
In practice, we will always use freedom to parametrize the boundary so that its coordinates
are aligned with the first four of the bulk ones
Xµ(x) = xµ , X5(x) = χ(x) . (2.5)
This is obviously not a complete gauge fixing yet. Bulk diffs change the boundary embedding
functions, δXµ = ξµ(x, χ), δX5 = ξz(x, χ), taking us away from the gauge (2.5); however,
one can return to this gauge by performing a boundary diffeomorphism of the form δxµ =
ξµ (x, χ(x)) . This combined set of diffs make up the residual gauge freedom within (2.5),
under which the ‘boundary bending mode’ χ transforms as
δχ = −ξµ(x, χ)∂µχ+ ξz(x, χ) , (2.6)
while the transformation of the bulk metric is that given in eq. (2.2). Furthermore, in the
gauge at hand, the induced metric γµν becomes
γµν(x) = ∂µX
M ∂νX
N gMN = gµν + ∂µχgzν + ∂νχgzµ + ∂µχ∂νχgzz , (2.7)
and obeys the standard transformation law (2.4) of a rank-2 tensor (with ζµ(x) = ξµ(x, χ))
under the residual diffs.
In the rest of this section, we will be interested in exploring the spectrum of small fluctuations
about the bulk Minkowski vacuum. To this end, we will need to perturb the action (2.1) to
quadratic order in field fluctuations. In the gauge (2.5), the relevant degrees of freedom are
6
the bulk metric hMN and the beinding mode χ, which lives on the boundary. Furthermore,
for the time being we will find it convenient to use the residual gauge freedom (2.6) to fix
χ(x) = 0 . (2.8)
In this gauge, the boundary sits at z = 0, which will significantly simplify the calculations. We
will later use the transformation properties of various fields under residual diffs to go back
to a more general gauge, in which the boundary is bent.
It is a long, but straightforward exercise to expand the full action (2.1) to quadratic order
in field fluctuations.3 The result is
2
M35
Sχ=0 =
∫
d5x
1
8
hAB AMKBNL ∂M∂NhKL
+
∫
z=0
d4x
[
1
4
hµν∂zhµν − 1
4
h4∂zh4 +
1
2
h4∂µhzµ − 1
2
hµν∂µhzν
]
,
(2.9)
where we have defined h4 ≡ ηµνhµν and the undisplayed indices on the two 5D fully an-
tisymmetric epsilon symbols (our convention is 01235 = 1) are understood as contracted
among each other.4 All indices are contracted with the flat Minkowski metric and, for the
sake of notational simplicity, we haven’t raised/lowered them. As a quick consistency check,
we note that this action is invariant under the residual gauge transformations of the gauge
(2.5) that leave the boundary at z = 0 (i.e. those, compatible with the additional gauge
fixing χ = 0). In other words, gauge transformations of the form (2.2) with the parameters
ξM(x, z) satisfying ξµ(x, 0) 6= 0 and ξz(x, 0) = 0 are an exact symmetry of (2.9).
To arrive at a fully diff-invariant description of the theory, we will now explicitly restore
the bending mode χ in the action by performing a diffeomophism of the form (2.6). This
amounts to redefining z = z′− ξz(x, z′), with ξz∣∣ = χ(x) (here and in what follows, a vertical
stroke without a subscript will denote evaluation on the boundary), and substituting for
the metric hMN(x, z) = h
′
MN(x, z
′) + ∂MξN(x, z′) + ∂NξM(x, z′). The boundary is located at
z′ = χ(x) in the new coordinates. Performing the above substitutions (and omitting primes
on new fields and coordinates for notational simplicity) turns (2.9) into
2
M35
SGR
[
hMN , χ
]
=
2
M35
Sχ=0
[
hMN ]−
∫
z=χ
d4x χ (∂µ∂νhµν − ∂2h4) , (2.10)
where Sχ=0 is given in eq. (2.9), and we have defined ∂
2 ≡ ηµν∂µ∂ν . Although the boundary
is now not at z = 0, at the quadratic order in field fluctuations we can still integrate the
3As a technical remark, we note that the presence of the boundary requires to keep careful track of all
total z-derivatives that emerge from the bulk action.
4For example, AMKBNL ≡ AMKPQBNLPQ .
7
second term in (2.10) over the z = 0 hypersurface, since the difference between this and
integrating over z = χ(x) is at least cubic in the fields. One can check explicitly that (2.10)
is invariant under the full set of 5D diffeomorphisms of the form
δhMN = ∂MξN + ∂NξM , δχ = −ξz , (2.11)
with arbitrary ξM(x, z) .
Eqs (2.9) and (2.10) provide the starting point for the discussion of (Fierz-Pauli) massive
gravity in the presence of spacetime boundaries, which we will turn to next.
3 A boundary term for the Fierz-Pauli theory
Having obtained the fully diffeomorphism-invariant formulation of GR on on a spacetime
with a boundary, we wish to explore possible ways of generalizing it to the case of massive
gravity.
As a matter of fact, it is instructive to first recall how things work in the absence of bound-
aries. The unique action for a free, massive spin-2 particle on 5D Minkowski space is [4]
SFP = SEH − 1
8
M35m
2
∫
d5x (hABhAB − h25) , (3.1)
where SEH denotes (the quadratic piece) of the Einstein-Hilbert lagrangian and m
2 is the par-
ticle’s squared mass. The massive theory, in contrast to the massless one, has no redundancy
in terms of the field hAB alone.
We will follow the same logic in the presence of a spacetime boundary at z = 0 and define
massive gravity as a deformation of the massless theory, where the full 5D diff invariance is
recovered by formally setting the mass parameter to zero. As we have seen in the previous
section, 5D diff invariance necessarily implies the presence of the bending mode χ, which
lives on the boundary and nonlinearly realizes local translations along the z direction. We
will therefore require the putative massive gravity action to reduce to (2.10) for m2 = 0.
Running a bit ahead of the discussion, we will state here the expression for the correct action
of a massive spin-2 particle in the presence of spacetime boundaries:
2
M35
S =
∫
d5x
[
1
8
hPQ εPMKεQNL ∂M∂NhKL − m
2
4
(hMNhMN − h25)
]
+
∫
z=0
d4x
[
1
4
hµν∂zhµν − 1
4
h4∂zh4 +
1
2
h4∂µhzµ − 1
2
hµν∂µhzν
− χ (∂µ∂νhµν − ∂2h4)−m2χh4
]
.
(3.2)
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A few remarks are in order. First, this indeed reproduces the fully diff-invariant action (2.10)
of general relativity once the parameter m2 is set to zero. Second, the first line in (3.2) is
completely fixed by consistency of the bulk dynamics to be that of Fierz and Pauli (locality
in the extra dimension implies that the presence of the boundary can not influence the bulk
part of the action). Furthermore, generically one expects a modification of the boundary
action, proportional to the mass parameter m2 as well. This is given by the extra term
2
M35
L
bdy
FP = −m2χh4
∣∣ (3.3)
we’ve added on the last line. Deriving this boundary operator and exploring its consequences
will be the main focus of the rest of this section.
3.1 The boundary effective action
In order to better understand the meaning of the boundary term (3.3) for Fierz-Pauli massive
gravity, one can compute the boundary effective action that results from integrating out the
bulk degrees of freedom (we will use the method of ref. [8] that constructed the boundary
effective action in the DGP model [9]). The bulk equations of motion that follow from
varying the action (2.10) with respect to hMN are the usual Fierz-Pauli equations, which in
the absence of bulk sources imply
∂MhMN = h5 = 0 , (2−m2)hMN = 0 , (3.4)
where we have defined 2 ≡ ηMN∂M∂N and h5 = ηMNhMN . The solution of the last of these
equations that obeys the physical, ‘outgoing wave’ boundary conditions at infinity is5
hMN(x, z) = e
−∆z h˜MN(x) , ∆ ≡
√
−∂2 +m2 , (3.5)
where the boundary values of the bulk metric, h˜AB = hAB
∣∣, are four-dimensional fields with
respect to which the boundary effective action will be later varied. The first two of eqs. (3.4),
which in 4D notation give 4+1+1 conditions, allow to express h˜µz and h˜zz in terms of h˜µν ,
as well as impose a further equation on h˜µν itself. On-shell, this amounts to the following
relations
h˜zz = −h˜4 , h˜µz = 1
∆
∂ν h˜νµ , ∂µ∂ν h˜µν − ∂2h˜+m2h˜ = 0 . (3.6)
The last equation here is of particular importance: it exactly coincides with the equation
one obtains upon varying the boundary action in (3.2) with respect to the bending mode
χ. Notice that the boundary term (3.3) plays a crucial role: had we added it with a different
5In Euclidean space, this solution corresponds to the fields decaying at infinity.
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coefficient—or, for that matter, omitted it altogether—the equation of motion of χ would
be inconsistent with the (on-shell) constraints coming from the bulk physics. We stress once
again that the bulk equations of motion/constraints can not be modified — they are fixed
to be those of Fierz and Pauli by the absence of ghosts and spacetime boundaries can not
influence this fact due to locality in the extra dimension.
Using eqs. (3.6) in (3.2) yields the following effective action for the boundary degrees of
freedom:
2
M35
Sbdy =
1
4
∫
d4x
[
h˜µν
1
∆
εµαρενβσ∂α∂βh˜ρσ −m2
(
h˜µν
1
∆
h˜µν − h˜ 1
∆
h˜
)]
. (3.7)
(The boundary bending mode χ, being a Lagrange multiplier, falls out from the on-shell
action.) Up to the (operator) factors of ∆−1, this is just the standard EH kinetic term plus
the Fierz-Pauli mass. Nonlocality of the 4D effective description implied by the form of the
2-point function, 〈hh〉 ∼ ∆/∂2, has a clear physical interpretation: it corresponds to the
continuum of massive Kaluza-Klein modes, that make the theory truly five-dimensional.
In the next subsection, we will derive the boundary term (3.3) from a different perspective.
3.2 The boundary term for the FP theory from 6D general rela-
tivity
Consider general relativity in six spacetime dimensions, with the extra two (spatial) dimen-
sions denoted by X5 ≡ z and X6 ≡ y. In this subsection (and only in this subsection),
capital Latin indices will run over M,N = 0, 1, 2, 3, 5, 6, lower-case Latin indices will run
over m,n = 0, 1, 2, 3, 6, and Greek indices will correspond to the standard 4D coordinates,
µ, ν = 0, 1, 2, 3. Like before, we will assume that the background manifold is endowed with
a boundary at z = 0. Moreover, the sixth dimension will be assumed to be compactified on
a circle, y ∼ y + 2piL . From the 5D point of view, the spectrum thus contains the usual 5D
graviton, vector and scalar zero modes, as well as the massive Kaluza-Klein modes of the 6D
graviton, that have definite momenta in the y direction. Furthermore, due to the boundary
at z = 0, in a generic gauge there will also be the 5D bending (zero-)mode χ(0)(xµ), along
with its KK modes χ(n)(xµ), localized on the boundary.
The graviton’s KK modes are massive 5D spin-2 particles in a flat spacetime with a boundary,
described by the Fierz-Pauli action in the bulk. The full theory, being just 6D general
relativity (with a boundary and one compactified direction), is obviously consistent, and
thus the theory of the graviton’s KK modes that results from compactification should be
consistent too. According to our discussion above, any consistent theory of a massive spin-2
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particle should include the boundary term (3.3) in the action. We will now show how this
term arises in the 6D setup at hand.
The 6D version of the quadratic action (3.2) for general relativity with a spacetime boundary
at z = 0 reads
2
M46
S6D =
∫
d6x
1
24
hAB AMKBNL ∂M∂NhKL
+
∫
z=0
d5x
[
1
4
hmn∂zhmn − 1
4
(h4 + h66)∂z(h4 + h66) +
1
2
(h4 + h66)∂mhzm
− 1
2
hmn∂mhzn − χ
[
∂m∂nhmn − ηmn∂m∂n(h4 + h66)
]]
,
(3.8)
where h4 = η
µνhµν as before, and we have denoted the 6D Planck mass by M6. Upon
compactifying the y direction, the fields are decomposed into their respective KK modes as
follows
hMN =
1√
L
+∞∑
n=−∞
h
(n)
MN(x
µ, z) einy/L , χ =
1√
L
+∞∑
n=−∞
χ(n)(xµ) einy/L , (3.9)
where h
(−n)
MN = h
(n) ∗
MN and analogously for χ, due to reality of the position-space fields. In what
follows, it will be convenient to work in the gauge
h
(n)
66 = h
(n)
6z = h
(n)
6µ = 0 , (3.10)
which is always possible to fix for the graviton’s KK modes (i.e. for modes with n different
from zero). The bulk action for these modes, obtained by substituting the decomposition
(3.9) into the bulk part of (3.8), is then the Fierz-Pauli action in the first line of eq. (3.2),
with the KK masses given by
mn =
n
L
. (3.11)
Let us now focus on the boundary part of the action. Again, by inserting the KK decomposi-
tion (3.9) into the second and the third lines of the 6D action (3.8) fixed to the gauge (3.10),
we find that the resulting theory at z = 0 precisely reproduces the boundary action of Fierz-
Pauli massive gravity, eq. (3.2), at each KK level n 6= 0 (we identify M35 = M46L). Crucially,
this boundary action includes the terms of the form (3.3) for every KK mode:
2
M35
L
(n)
bdy = −m2n
(
χ(n) ∗h(n)4 + h.c.
) ∣∣ (3.12)
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which come from the last term in (3.8):
2L
(n)
bdy = M
4
6
∫
∂M
d4x dy χ ηmn∂m∂nh4 ⊃M35
∑
n
∫
∂M
d4xχ(n) ∗ ∂26h
(n)
4 + h.c.
= −M35
∑
n
∫
∂M
d4x m2n χ
(n) ∗ h(n)4 + h.c.
(3.13)
These boundary terms have exactly the right coefficients to make the equations of motion for
(KK modes of) the boundary bending mode consistent with the on-shell Fierz-Pauli equa-
tions/constraints in the bulk – something we discussed at length in the previous subsection.
Let us reiterate the results so far: we have shown that the boundary term (3.3) is required by
consistency of Fierz-Pauli massive gravity on background manifolds with a boundary. With-
out this term, the (on-shell) bulk constraints that the graviton field hAB satisfies would be
inconsistent with the equation of motion for the boundary bending mode χ. We have also
shown that (3.3) arises in 6D general relativity with a spacetime boundary, upon compact-
ifying one of the directions along the boundary on a circle. In this setup, the 5D effective
action contains boundary terms of precisely the form (3.3) for every massive 5D KK mode
of the 6D graviton. In Sec. 5, we will unveil another face of the boundary term (3.3) that
becomes visible in a certain short-distance/high-energy limit of the theory, reviewed in the
next section.
4 Nonlinear massive gravity and the decoupling limit
Mostly for the purposes of setting up notation and presenting results that we will find
useful in later sections, we will summarize here the dynamics of massive spin-2 fields on
5-dimensional (infinite) Minkowski spacetime. The discussion in this section is standard.
The unique ghost-free non-linear extension of Fierz-Pauli theory of a free massive graviton
in 4D has been found in refs. [2, 3]. Its counterparts for an arbitrary dimension D ≥ 3 are
straightforward to write. In a diffeomorphism-invariant formulation, 5D massive general rel-
ativity features 5 auxiliary scalar fields, ΦI (I = 0, . . . , 3, 5), in addition to the 5-dimensional
metric. Explicitly, the action reads
S =
M35
2
∫
d5X
√−g
[
(5)R− m
2
4
5∑
n=2
αnUn(K)
]
, (4.1)
where αn are constant parameters, and m is the graviton’s mass (which fixes α2 = 2/3 in
five dimensions). Furthermore, the ‘potential’ terms Un can be written with the help of the
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5D totally antisymmetric symbol  as follows6
Un = M1...MnMn+1...M5
N1...NnNn+1...N5 KM1N1 . . .K
Mn
Nn
δ
Mn+1
Nn+1
. . . δM5N5 ≡ 55 × Kn × 15−n , (4.2)
where the matrix K is defined in terms of the auxiliary scalars and the metric in the following
way
KMN = δ
M
N −
(
gMKfKN
)1/2
, fMN = ∂MΦ
I∂NΦ
J ηIJ . (4.3)
Here fIJ is a flat auxiliary metric, related to the Minkowski one by a coordinate transforma-
tion. One can further generalize the theory by defining it with a curved fIJ [10], or even by
promoting fIJ to a full-fledged dynamical tensor field, which would define a bigravity theory
[11]. The second equality in (4.2) defines notational shortcut, that we will often use in the
rest of this paper. We will assume that the metric is coupled minimally to matter, as it is
in general relativity. Finally, we note that the action (4.1) is invariant under the internal
SO(4, 1) rotations, acting on the auxiliary scalars’ flavor index
ΦI → ΛIJ ΦJ , (4.4)
where Λ denotes a general 5D Lorentz transformation matrix.
The equations of motion that follow from varying the action (4.1) admit a flat-space solution
with the following expectation values
〈gMN〉 = ηMN , 〈ΦI〉 = δIMXM . (4.5)
On this background, the scalars’ internal indices mix with the spacetime ones, so from now
on, we will often not make distinction between these. One can use diffeomorphism invariance
of the full action (4.1) to fix unitary gauge, in which the five scalars are frozen to their
background values, ΦM = XM . In this gauge, (4.1) describes a Lorentz-invariant theory of
the spin-2 field hMN alone. Generic mass and potential terms for the graviton lead to loss
of all (Hamiltonian and momentum) constraints of general relativity. As a result, a generic
theory of massive gravity propagates one extra degree of freedom in addition to the nine,
required by the representation theory of the 5D Poincare´ group. This extra dof is necessarily
a (Boulware-Deser) ghost [12]. In contrast, the special structure of the action (4.1)-(4.3)
guarantees that one combination of the Hamiltonian and momentum constraints persists
even for m2 6= 0, projecting out the unwelcome sixth degree of freedom and rendering the
theory ghost-free [2, 3].
6The usual cosmological constant corresponds to n = 0, while the term linear in KMN (corresponding to
n = 1) leads to a tadpole on the Minkowski background and thus obstructs having a Poincare´-invariant
vacuum. We will discard these terms in the rest of this paper.
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In more physical terms, the potential issues associated with the Boulware-Deser ghost, and
cure thereof, can be grasped by considering the spin-2 analog [13] of the Goldstone equiva-
lence limit in massive vector theories [14]. It is customary to refer to this as the decoupling
limit. The virtue of this limit is that it distills the high-energy dynamics of the various phys-
ical polarizations of the spin-2 multiplet.7 In particular, away from unitary gauge and at
high energies, the helicity-0 mode Π and helicity-1 mode AM of the massive graviton are
embedded in the metric and the auxiliary scalars in the following way
hMN =
1
M
3/2
5
(
hˆMN +
2
3
ΠηMN
)
, ΦM = XM +
V M
M
3/2
5 m
, (4.6)
where V M is further decomposed as
V M = AM − ∂
MΠ
m
. (4.7)
Here hˆMN describes the graviton’s helicity-2 polarization at short distances/high energies. For
further reference, we also note an important property of the tensor KMN , whereby it takes on
a simple form upon substituting hMN = A
M = 0:
KMN
∣∣
hMN=AM=0
=
∂M∂NΠ
Λ
7/2
7/2
. (4.8)
In writing this formula, we have defined Λ7/2 ≡
(
M
3/2
5 m
2
)2/7
and used the vertical stroke
with a subscript to denote conditional evaluation (not to be confused with a stroke without
a subscript, which denotes evaluation on the boundary). Importantly, eq. (4.8) holds at the
full non-linear level.
The decoupling limit (DL) is defined as a double scaling limit, in which
M5 →∞ , m→ 0 , Λ7/2 = finite. (4.9)
Making use of eqs. (4.3), (4.6) and (4.8) and expanding the action of massive GR (4.1) in
powers of the various fields over the Minkowski vacuum, one finds that the only singular
terms in the limit (4.9) are [13]
Ssing = −1
8
∫
d5x
Λ77/2
m2
5∑
n=2
αn
Λ
7n/2
7/2
55 ×
(
∂25Π
)n × 15−n . (4.10)
In writing this expression, we have used the matrix notation defined in eq. (4.2) and schemat-
ically denoted a D-dimensional partial derivative by ∂D, so that ∂
2
5Π is short for the matrix
∂M∂NΠ.
7Corresponding to a ultraviolet instability, the BD ghost is clearly visible in this limit.
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The specific structure of the terms in (4.10) directly follows from the form of the potential
(4.1) and eq. (4.8). All terms in (4.10) apart from these are regular in the decoupling limit.
What allows for this limit to be well-defined is then the fact that the (∂25Π)
n terms, while
formally divergent, combine into total derivatives and are thus immaterial as long as the
background spacetime has no boundaries and the fields decay at infinity fast enough. This
in a sense is the defining feature of the particular structure of mass and potential terms
given by eqs. (4.2), (4.3) and (4.8): this structure renders the classical theory ghost-free,
while the quantum theory becomes endowed with a relatively high cutoff Λ7/2. In a generic
theory with massive spin-2 fields, on the other hand, the operators of the form (∂25Π)
n do
not gather into total derivatives and do genuinely affect the dynamics. This leads to a ghost
instability in the classical theory, and to a low cutoff Λ11/2 = (M
3/2
5 m
4)2/11 once the theory
is viewed as a low-energy quantum EFT.
The above discussion immediately suggests that things should change in the presence of
spacetime boundaries. In that case, the higher-derivative self-interactions of the helicity-0
field Π are not entirely eliminated from the dynamics, but do affect physics at the boundary,
leading to a higher-derivative boundary action and the associated ghost instabilities. We will
thus find that consistency of the decoupling limit (4.9), and for that matter – of the full
theory, will require defining the boundary action of massive GR such that the effects of the
bulk operators of the form (∂25Π)
n are cancelled. Understanding how this works in detail will
be our main task in the rest of this paper.
5 Nonlinear massive gravity with a boundary
In this section, we will address the question of how to define the decoupling limit of massive
gravity in the presence of spacetime boundaries. As discussed above, the decoupling limit
is convenient in that it makes the dynamics of various helicity modes of the massive spin-2
particle transparent at energies, higher then the particle’s mass. Strictly speaking, spacetime
boundaries break translation invariance in one or more directions, and it may seem that
working in terms of the representations of the Poincare´ group—the helicity modes—puts
one on shaky grounds. This logic is misleading, however. First of all, we have seen that there
is no obstruction whatsoever to restoring the local translation invariance of the theory by
means of introducing new fields (in our case, the boundary bending mode χ). And second:
as already emphasized above, it is physically clear that the presence of boundaries can not
influence the bulk physics simply by locality. The (high-energy) bulk dynamics should thus
admit a perfectly adequate description in terms of the modes of definite helicity.
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5.1 The boundary term for the FP theory: a third derivation
With the above considerations in mind, we procceed by first defining the decoupling limit for
our quadratic massive gravity action (3.2) that includes the novel boundary term (3.3). To
this end, we restore the diffeomorphism invariance, ‘broken’ by the presence of the bulk and
boundary terms, proportional to the mass parameter m2. This is achieved by introducing
the Stu¨ckelberg field V M along the lines of eq. (4.6) of the previous section
hMN → 1
M
3/2
5
[
hMN − 1
m
(∂MVN + ∂NVM)
]
, χ→ 1
M
3/2
5
(
χ+
1
m
V z
∣∣) . (5.1)
Notice that we have also canonically normalized the various fields along the way, but have
kept the old notation for the new fields; we will be careful to comment whenever this may
lead to confusion. Eq. (5.1) resembles a broken linearized diff of the form (2.11). As remarked
in Section 4, at high energies the vector V M further decomposes into the helicity-1 (AM) and
helicity-0 (Π) polarizations of the massive graviton as in eq. (4.7). The theory of massive
gravity (3.2), defined in terms of the new fields is thus invariant under the full set of linearized
5D diffeomorphisms
δhMN = ∂MξN + ∂NξM , δχ = −ξz
∣∣ , δAM = mξM , δΠ = 0 , (5.2)
as well as an additional local U(1) group
δhMN = 0 , δχ = 0 , δAM = ∂Mα , δΠ = mα . (5.3)
Notice that the scaling of hMN , AM and Π with m is fully fixed by the well-known dynamics
of Fierz-Pauli massive gravity in the bulk: in order to continuously reproduce the correct
number of the high-energy degrees of freedom, these (canonically normalized) fields ought
to scale as m0. The presence of the spacetime boundary can not change this fact.
We’d now like to zoom onto distcance scales, much shorter than the graviton’s Compton
wavelength, which operationally amounts to sending the paramter m2 to zero, while the
rest of the parameters scale as in eq. (4.9). Substituting the field decomposition (5.1) and
(4.7) into the massive gravity action (3.2) and focussing for the time being on the part that
features VM alone, we have
2SV =
∫
d5x
[
− 1
4
FMNFMN − ∂M (VN ∂NVM − VM ∂NVN)
]
+
∫
z=0
d4x 2Vz ∂µVµ , (5.4)
where F ≡ dV = dA is the usual field strength for the vector V . The first integral in this
expression comes from the buk mass in (3.2), while the second, boundary integral comes from
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our new boundary term (3.3). Now, the vector V M is further decomposed into the helicity-1
(vector) and helicity-0 (scalar) modes as in (4.7). The scalar mode obviously falls out from
the first, Maxwell term in the bulk integral. It is however present in the second, total deriva-
tive contribution to this integral, as well as in the last, boundary term in (5.4). Given that
the canonically normalized Π does not scale with the graviton mass in (4.7), these terms
separately diverge as m−2 (see the discussion of the bulk terms around eq. (4.10) of Section
4). This divergence potentially obstructs validity of the Λ7/2 decoupling limit. However, one
can check that while divergent separately, the unwelcome bulk and boundary terms ‘mag-
ically’ cancel against each other, once the bulk total derivative is rewritten as a boundary
integral. Again, the presence of the boundary term (3.3) has played a crucial role in this
discussion. Without this term, one would not be able to define the standard Λ7/2-decoupling
limit of massive gravity on spacetimes with boundaries: the unique prescription that con-
tinuoulsy reproduces the high-energy degrees of freedom of the spin-2 particle in the bulk
would be ill-defined on the boundary.
Having taken care of the terms that diverge like m−2 in the DL, we now turn to exploring
those that scale like m0. Apart from the Maxwell term for AM that we have already discussed
above, these terms feature the tensor and scalar modes hMN and Π, as well as the boundary
bending mode χ. Moreover, it is a well-known fact that in the given basis of fields, Π has
no kinetic term and its bulk dynamics comes entirely from the kinetic mixing with the
tensor mode, Smix ∼
∫
d5xhMN(∂M∂NΠ− ηMN2Π). In order to diagonalize the bulk kinetic
Lagrangian, one then performs a conformal transformation on hMN [13]
hMN = hˆMN +
2
3
ΠηMN . (5.5)
In the new (and final) field basis, the bulk action becomes
2
M35
Sbulk =
∫
d5x
[
1
8
hˆPQ εPMKεQNL ∂M∂N hˆKL
+
1
2
∂M
(
Π∂N hˆMN − ∂NΠhˆMN + ∂MΠhˆ− Π∂M hˆ
)
+
4
3
Π2Π
]
. (5.6)
Again, there is a total derivative involved, which originates from manipulating terms that
come from the graviton mass terms in the bulk. An important point is that in our case of a
background spacetime with a boundary, the conformal transformation (5.5) affects not only
the bulk part of the action in (3.2), but the boundary one as well. The transition to the new
field basis generates a whole host of new terms on the boundary that, as one can check by a
direct calculation, non-trivially cancel against the pre-existing boundary terms as well as the
bulk total derivative in (5.6) (once it is written as a boundary term). Again, the contribution
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of the massive gravity boundary operator (3.3) that survives in the decoupling limit,
lim
m→0
2
M35
LFPbdy =
(−2χ∂2Π + h∂zΠ) ∣∣ = (−2χ∂2Π + hˆ∂zΠ + 8
3
Π∂zΠ
) ∣∣∣∣ (5.7)
is absolutely crucial for these cancellations to occur. Once the dust settles, we find that
the single conformal transformation (5.5) that diagonalizes the bulk action, also ‘magically’
diagonalizes the boundary one,8 so that the complete quadratic decoupling limit action
becomes
SDLFP = SGR
[
hˆMN , χ
]
+
∫
d5x
[
− 1
4
FMNFMN +
4
3
Π2Π
]
+
∫
z=0
d4x
4
3
Π∂zΠ , (5.8)
where SGR is the action (2.10) of general relativity with the bending mode in place. Apart
from the standard boundary term in SGR, the only remnant of the above-mentioned cancel-
lations is the last term in (5.8), that only involves the helicity-0 mode of the graviton. Upon
rewriting this term as a bulk total derivative, and combining it with the existing bulk kinetic
term of Π, we get for the helicity-0 action:
SDLΠ =
∫
d5x − 4
3
∂MΠ∂MΠ , (5.9)
so that the graviton’s scalar mode enters the decouling limit action with at most a single
derivative per field. Thus, the boundary term (3.3) has made it possible to define the
decoupling limit in terms of the fully diagonalized, physical helicity modes, and has also
guaranteed that these modes obey a well-defined variational problem. This latter property
is analogous to what the Gibbons-Hawking term does in general relativity.
5.2 Boundary terms for the full theory
Fierz-Pauli theory of a free spin-2 particle has a unique consistent extension to non-linear
ghost-free massive gravity, discussed in Sec. 4. Furthermore, we have found in the previous
sections than consistency of FP theory on a manifold with a boundary itself requires a novel
boundary term. One can then plausibly assume, that also this free field theory boundary
term has generalization to the case of nonlinear massive gravity. In this subsection, we will
present such a generalization.
First we note that our dynamical bulk spacetime (parametrized by the coordinates XM)
can be usefully thought of as a spacetime-filling ‘brane’, floating in a flat target space
parametrized by the ‘coordinates’ ΦI . The tensor fMN that enters into the definition (4.3)
8Again, without adding the boundary term (3.3), this would not be true.
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of the building block KMN of the graviton’s mass/potential terms is then nothing other than
the induced metric on that ‘brane’. (From this perspective it is intuitively clear that any
metric gMN , related to ηMN by a diffeomorphism is generically a solution to the equations of
motion of the theory.) The flat background is characterized by the expectation values (4.5)
for the metric and the auxiliary scalars in Cartesian coordinates XM (obviosuly, this should
also be supplemented by χ = 0).
Suppose now that the physical boundary is described by an embedding equation, written in
Cartesian coordinates as
X5 −Θ(X0, . . . , X3) = 0 , (5.10)
with Θ some function of the first four of the XM . In our particular case of interest where
the boundary sits at z = 0, we have Θ(X0, . . . , X3) = 0. Furthermore, the presence of the
boundary gives rise to a preferred foliation of the physical vacuum manifold, and we will
find it convenient to introduce an analogous foliation in the auxiliary Φ-space. To this end,
we introduce the following scalar of XM -diffeomorphisms
Σ(Φ) ≡ Φ5 −Θ(Φ0, . . . ,Φ3) , (5.11)
which, according to (4.5), has the vacuum expectation value 〈Σ〉 equal to zero. Generically,
there is no gauge in which the fluactuations of Σ vanish as well, however. In the case with
vanishing Θ which we are primarily interested in, eq. (5.11) reduces to
Σ = Φ5 = z +
1
M
3/2
5 m
V z, (5.12)
and the perturbed boundary value of Σ reads (in terms of the canonically normalized fields):
Σ| = 1
M
3/2
5
χ+
1
M
3/2
5 m
V z
∣∣ . (5.13)
Again, Σ being a spacetime scalar, this is clearly (linearly) gauge invariant – see the discussion
in the previous section. For further convenience, we will also define the projection φI of the
auxiliary scalar multiplet on the Φ5 = 0 ‘boundary’ of the internal space:
φI =
(
δIJ − nInJ
)
ΦJ . (5.14)
The vector n here denotes the unit normal to the Φ-space ‘boundary’, with its only non-
zero entry being n5 = 1. This means that the projected multiplet has the following form:
φa = δaI Φ
I (a = 0, . . . , 3) and φ5 = 0. Being spacetime scalars, Σ and φI can be used as
building blocks of a boundary action.
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One can construct other such building blocks by means of projecting various bulk tensors
onto the physical spacetime boundary. One object we will find particularly useful in the
following discussion is
φµν = ∂µX
M∂νX
N∂Mφ
I∂Nφ
JηIJ , (5.15)
which is a rank-2 tensor under boundary diffeomorphisms and a scalar under bulk diffeo-
morphisms. Notice that it is the projected multiplet φI , not ΦI , that enters into this defini-
tion. The tensor φµν can be used to construct the four-dimensional boundary analog of the
building block KMN of the 5D graviton’s mass/potential terms:
kµν = δ
µ
ν − (γµσφσν)1/2 , (5.16)
where γµν is the induced metric on the physical boundary, defined in eq. (2.7). Let us note
two defining properties of kµν .
• First, in the gauge (2.5) we are working in and upon decomposing the auxiliary scalars
as in eqs. (4.6) and (4.7), kµν has the following expansion to the linear order in the
fields
kµν
∣∣
lin
=
1
2M
3/2
5
[
hµν −
1
m
(∂µVν + ∂νV
µ)
]
. (5.17)
All indices here have been raised/lowered with the help of the Minkowski metric and
we have written this formula in terms of the canonically normalized fields.
• Second, kµν obeys a fully non-linear relation, analogous to eq. (4.8) satisfied by its 5D
counterpart KMN
kµν
∣∣
hMN=AM=χ=0
=
∂µ∂νΠ
Λ
7/2
7/2
. (5.18)
Perhaps we should note here that had we used the full scalar multiplet ΦI instead of
the projected one φI in the definition of φµν (eq. (5.15)), this relation would not hold.
With these properties of kµν in mind, we’d like to consider the following term in the boundary
action, invariant under both the bulk and the boundary (fully non-linear) diffeomorphisms:9∫
∂M
d4xL2 =
M35m
2
6
∫
∂M
d4x
√−γ Σ(Φ) µαρσναρσ kµν
=
M35m
2
6
∫
∂M
d4x
√−γ Φ5 44 × k × 13 .
(5.19)
9Notice that this term breaks the internal Lorentz group (4.4) of the bulk theory. One could in principle
restore this symmetry by promoting the normal nI to a dynamical vector of the internal group nI →
ΛIJ n
J . This obviously leads to a different theory with extra degrees of freedom and we won’t pursue this
possibility in the present work.
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In the second equality we have used eq. (5.12) and (the four-dimensional analog of) the
notation defined in (4.2). At the lowest order in field fluctuations, the action in (5.19)
reduces to: 2L2 = −m2(χ + V zm−1)(h4 − 2 ∂µVµm−1), which is precisely our boundary
term (3.3) for Fierz Pauli theory, covariantized a la Stu¨ckelberg and written in terms of
the canonically normalized fields (see also the discussion in the previous section). That the
quadratic piece of L2 coincides with L
bdy
FP is a direct consequence of the property (5.17) of
our construction. Furthermore, as we have seen in the previous section, one virtue of adding
the given boundary term is that it eliminates the effects of the (∂25Π)
2 (total bulk derivative)
self-interactions of the helicity-0 mode, which become singular in the decoupling limit. If
not eliminated, these operators would obstruct the possibility of taking the Λ7/2-decoupling
limit as soon as boundaries are introduced to the background spacetime.
This discussion suggests an obvious criterion for constructing the rest of the boundary terms
for the most general non-linear theory of ghost-free massive gravity. Namely, for each of the
bulk mass/potential term Un in (4.2), one needs to find a boundary counterpart Bn that
would precisely cancel the helicity-0 self-interactions of the form (4.10), originating from
Un. Guided by the previous observations of this section, it is straightforward to write down
such a counterpart:
bulk : Un = 55 × Kn × 15−n ←→ boundary : Bn = −2 Φ5 44 × kn−1 × 15−n , (5.20)
where the bulk and boundary terms contribute to the fully diffeomorphism-invariant action
in the following way
S
(n)
bulk =
∫
M
d5X
√−g Un , S(n)bdy =
∫
∂M
d4x
√−γ Bn . (5.21)
In a slighly more expanded form, e.g. the cubic boundary action S
(3)
bdy is:
S
(3)
bdy =
∫
∂M
d4x
√−γ B3 = −2
∫
∂M
d4x
√−γ Φ5 µαργνβργ kµν kαβ . (5.22)
One can check, using eqs. (4.7), (4.8), (5.12) and (5.18), that the dangerous helicity-0 self-
interactions discussed in Sections 4 and 5 do indeed cancel once a given bulk term is supple-
mented by the corresponding boundary contribution given in eqs. (5.20) and (5.21).10 The
theory so defined admits a valid short-distance description in terms of the relativistic 5D
10A relation that helps to establish this is:∫
d5x ε5ε5 × (∂25Π)n × 15−n = −2
∫
z=0
d4x ∂zΠ ε4ε4 × (∂24Π)n−1 × 15−n .
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helicity modes, strongly coupled at the scale Λ7/2. Without the boundary terms Bn in place,
on the other hand, the low-energy theory below the scale Λ7/2 would suffer from a ghost.
Again, it is one of the special properties (5.18) of our construction that guarantees that
the boundary terms given in (5.20) cancel the effects associated with the (∂25Π)
n operators
stemming from the graviton’s bulk mass/potential terms Un . For example, had we used the
full scalar multiplet ΦI instead of the projected one φI in the definition of φµν in (5.15),
eq. (5.18) would not be true and the cancellation would not occur.
We note, finally, that in the case that the spacetime boundary differs from the constant-z
hypersurface, the correct massive gravity boundary terms can be obtained from (5.20) and
(5.21) by simply replacing Φ5 → Σ(Φ), with everything else unchanged.
Let us summarize our findings of this section: to each of the possible diffeomorphism-invariant
mass/potential terms (4.2) for the graviton in 5D, there corresponds a counterpart on the
spacetime boundary, which is invariant under both bulk and boundary diffeomorphisms and
needs to be included for well-definiteness of the theory. Eqs. (5.20) and (5.21) define this
correspondence.
6 Conclusions
A necessary [2] and sufficient [15] requirement for a theory of massive gravity to be ghost-
free is that the graviton’s helicity-0 polarization Π be governed by second-order (classical)
equation of motion in a certain short-distance limit, known as the decoupling limit. For
generic theories of massive gravity this is not the case as the decoupling-limit Lagrangian of
such theories contains higher-derivative operators of the schematic form (∂2Π)n. Fierz-Pauli
theory of a free spin-2 particle and its interacting dRTG extension go around the problem
by arranging these unwelcome operators to collect into exact total derivatives so that they
drop out of the dynamics in infinite spacetime (given that the fields behave well-enough at
infinity). In any spacetime with a boundary, however, the issue comes back: even if the bulk
action is from the ghost-free FP/dRGT class, the bulk total derivatives are not eliminated,
but integrate to higher-derivative boundary operators. These boundary terms reintroduce
higher-derivative contributions to the Π-equation of motion. FP/dRGT theories therefore
require a proper extension to remain ghost-free, once the background spacetime is endowed
with boundaries. In this paper, we have constructed such an extension.
We have found that in order to correctly define the Fierz-Pauli theory of a free massive gravi-
ton in a spacetime with a boundary, one ought to include a novel boundary term (3.3) in the
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action. We have derived this term in three different ways: (i) by requiring that the equation
of motion for the boundary bending mode be consistent with the standard bulk Fierz-Pauli
equations (Sec. 3) (ii) by considering the Kaluza-Klein modes of a 6D massless graviton in
the presence of a boundary, with one spatial direction along the boundary compactified on a
circle (Sec. 3) and (iii) by requiring that the higher-(total-)derivative operators of the form
(∂2Π)n coming from the bulk cancel, once they are written as boundary terms (Sec. 5). The
latter property of the theory allows to define the standard decoupling limit in terms of the
fully diagonalized, physical helicity modes. Moreover, the new boundary operator (3.3) guar-
antees that the helicity-0 graviton Π obeys a well-defined variational problem, entering the
Lagrangian with at most one derivative per field.
We have generalized the boundary term (3.3) for Fierz-Pauli theory to the case of ghost-free
nonlinear theories of massive gravity [2, 3]. Requiring that the higher-(total-)derivative bulk
operators for the helicity-0 graviton be eliminated from the dynamics led us to conclude that
for each of the possible mass/potential terms (4.2) in the bulk one should include a novel
operator in the boundary action. These non-linear boundary terms are given in eqs. (5.20)
and (5.21); they are invariant under both the bulk and boundary diffeomorphisms and need
to be included for well-definiteness of the theory. Basing ourselves on physical arguments, we
have not provided a strict mathematical proof (e.g. a full-fledged Hamiltonian analysis) that
would establish our generalization of the Fierz-Pauli boundary term (3.3) to the case of fully
non-linear and diff-invariant massive gravity as the unique one. However, the discussion of
Sec. 5.2 strongly suggests that this generalization is indeed unique.
There are a number of directions to extend our work in. First, in the upcoming work [7] we
study the consequences of the above-derived boundary terms for the dynamics of massive
gravity on AdS5 with a flat boundary – a setup that leads to an effective (boundary) theory
of 4D massive gravity with high cutoff [6]. Furthermore, using the machinery of refs. [16]
and [17], it would be interesting to study cosmology of the resulting theories, in particular
whether or not the setup entails (self-accelerated) solutions with a de Sitter boundary.
Acknowledgements
We thank Cedric Deffayet, Claudia de Rham and Andrew Tolley for valuable discussions. The
work of GG was supported in part by NSF grant PHY-1620039. DP is supported by European
Union’s Horizon 2020 Research Council grant 724659 MassiveCosmo ERC-2016-COG. DP
would like to thank the Center for Cosmology and Particle Physics at New York University
for hospitality during his visit, supported by the Simons Foundation under the program
‘Origins of the Universe’.
23
References
[1] G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions in
Quantum Gravity,” Phys. Rev. D15 (1977) 2752–2756.
[2] C. de Rham and G. Gabadadze, “Generalization of the Fierz-Pauli Action,” Phys.
Rev. D82 (2010) 044020, arXiv:1007.0443 [hep-th].
[3] C. de Rham, G. Gabadadze, and A. J. Tolley, “Resummation of Massive Gravity,”
Phys. Rev. Lett. 106 (2011) 231101, arXiv:1011.1232 [hep-th].
[4] M. Fierz and W. Pauli, “On relativistic wave equations for particles of arbitrary spin
in an electromagnetic field,” Proc. Roy. Soc. Lond. A173 (1939) 211–232.
[5] P. Van Nieuwenhuizen, “On ghost-free tensor lagrangians and linearized gravitation,”
Nucl. Phys. B60 (1973) 478–492.
[6] G. Gabadadze, “Scale-up of Λ3: Massive gravity with a higher strong interaction
scale,” Phys. Rev. D96 no. 8, (2017) 084018, arXiv:1707.01739 [hep-th].
[7] Gregory Gabadadze and David Pirtskhalava, in preparation.
[8] M. A. Luty, M. Porrati, and R. Rattazzi, “Strong interactions and stability in the
DGP model,” JHEP 09 (2003) 029, arXiv:hep-th/0303116 [hep-th].
[9] G. R. Dvali, G. Gabadadze, and M. Porrati, “4-D gravity on a brane in 5-D Minkowski
space,” Phys. Lett. B485 (2000) 208–214, arXiv:hep-th/0005016 [hep-th].
[10] S. F. Hassan, R. A. Rosen, and A. Schmidt-May, “Ghost-free Massive Gravity with a
General Reference Metric,” JHEP 02 (2012) 026, arXiv:1109.3230 [hep-th].
[11] S. F. Hassan and R. A. Rosen, “Bimetric Gravity from Ghost-free Massive Gravity,”
JHEP 02 (2012) 126, arXiv:1109.3515 [hep-th].
[12] D. G. Boulware and S. Deser, “Can gravitation have a finite range?,” Phys. Rev. D6
(1972) 3368–3382.
[13] N. Arkani-Hamed, H. Georgi, and M. D. Schwartz, “Effective field theory for massive
gravitons and gravity in theory space,” Annals Phys. 305 (2003) 96–118,
arXiv:hep-th/0210184 [hep-th].
[14] J. M. Cornwall, D. N. Levin, and G. Tiktopoulos, “Derivation of Gauge Invariance
from High-Energy Unitarity Bounds on the s Matrix,” Phys. Rev. D10 (1974) 1145.
[Erratum: Phys. Rev.D11,972(1975)].
24
[15] M. Mirbabayi, “A Proof Of Ghost Freedom In de Rham-Gabadadze-Tolley Massive
Gravity,” Phys. Rev. D86 (2012) 084006, arXiv:1112.1435 [hep-th].
[16] T. Shiromizu, K.-i. Maeda, and M. Sasaki, “The Einstein equation on the 3-brane
world,” Phys. Rev. D62 (2000) 024012, arXiv:gr-qc/9910076 [gr-qc].
[17] P. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois, “Brane cosmological
evolution in a bulk with cosmological constant,” Phys. Lett. B477 (2000) 285–291,
arXiv:hep-th/9910219 [hep-th].
25
